Let Y be an orthogonal space over Q of rank 2n + 1 ~ 5 and signature (2n, 1) over JR. Let G = SO(Y) be the special orthogonal group of Y, and G(A) its points in the adele ring A of Q. Let 7C be a cuspidal automorphic representation of G(A G(AK) is automorphic.
representations with 7C co an irreducible admissible representation of G(JR) = SO(2n, 1) , and for all finite p not in a finite set S the group G(Qp) is split and the representation 7C p is unramified, i.e., there is a non-zero vector in 7C p fixed by the compact subgroup G(Zp) ' If K is a real quadratic extension of Q with adele ring A K ' we say that an irreducible admissible representation II = ®llv of G(A K ) is a base change lift of 7C provided that the local components ~ of II satisfy the following conditions:
(1) noc and nco have the same Langlands parameters as 7C as repre- is automorphic.
With the same notation, we say that an irreducible admissible representation n = ®llv of G(AK) is a weak base change lift of 7C provided that the local components TIv of TI satisfy conditions (2) and (3) above, i.e., we impose local conditions at the finite unramified places only. Of course, any base change is automatically a weak base change. In the case of 2n + 1 = 5 we are able to strengthen Theorem 1 by using this weaker notion of base change. One reason for the existence of these examples is that the group G is not quasi-split. If we replace G by the quasi-split S02n+I' then an automorphic base change should exist for all quadratic extensions K/Q. For SOs we describe this base change in [4] (see also Section 6 of this paper).
Our results should be contrasted with the results on base change for G L2 established by Langlands [8, 14] and in general for GL n by Arthur and Clozel [1] . If 1t is a cuspidal automorphic representation of GLn(A) and K/Q is any cyclic extension of prime degree, then 1t always has a weak base change to GLn(AK) which is automorphic, and in fact every weak base change is automatically a strong base change in the terminology of [1] , a notion of base change which imposes local conditions at all places and implies base change in our sense.
Our method of proof uses the a-correspondence between representations of G and representations of SL 2 , the twofold metaplectic cover of SL 2 , [16] , Waldspurger's results on the correspondence between representations of SL 2 and rep~sentations of PGL 2 (15, 22, 23] , and our previous results on base change for SL 2 [3] .
Under the same assumptions, there exist solvable extensions K of Q of degree 21, where I is odd and as large as we would like, such that 1t has no automorphic base change to G(AK) as well. In our example, since the local base change always exists, we can always find an irreducible admissible representation II = ®IIv of the adelicgroup G(AK) which is a lifting of 1t = ®1t p even if it is not automorphic. Hence it makes sense to consider a subsequent base change of II. The image of II under any subsequent quadratic base change will again be automorphic. Moreover, under the natural Langlands lifting to GL 2n the image of II will also be automorphic. This is a consequence of our method of proof and the results of [3] .
We would like to thank the editor and the referee for several helpful suggestions which greatly improved the exposition.
BASIC DEFINITIONS
As our definition of base change we will take the definition which is compatible with what is known about the arithmetic parameterization of admissible representations at the archimedean places (via the Langlands classification) and at the non-archimedean places which are unramified (via the Satake parameterization).
Let K be a real quadratic extension of Q. Let 1t = ®1tp be an irreducible cuspidal automorphic representation of G(A) . Let S be the finite set of places, containing 00, such that for all p ¢ S the prime p does not ramify in K (i.e., is split or inert), the group G(Qp) is split, and the representation 1t p is unramified. Let II = ®IIv be an irreducible admissible representation of
G(AK) .
Definition. n is a base change lift of 1t if it satisfies the following local conditions:
(1) If 00 1 and 00 2 are the two archimedean places of K, then nco, and II is a weak base change lift of 7l if it satisfies the local conditions (2) and (3) at the places p rt. S.
Usually definitions of base change include conditions (1) through (3) . The weakest possible definition would require only (2) and (3). It is clear that a base change as defined here is always a weak base change.
Let us explain the base change for the unramified finite places in a little more detail. We are interested in the case where G p = G(Qp) is quasi-split (and hence split since it is an odd dimensional orthogonal group). Let Y be a quadratic is consistent with the above formulation for a degree one unramified extension and in terms of Satake parameters tn = tTC for i = 1 , 2 .
Vi P For our purposes it will also be convenient to have a weak notion of Lequivalence for global representations. 
Definition. Let
where L~ = Lk \ {OJ is the set of non-isotropic vectors in Lk and (A k ) and G(Ak) as in [16] . The main results of [16] 
(k v ) ' then ltv has the V-property. Moreover, if the rank of G v is greater than or equal to 2 and if ltv is unitary, infinite dimensional, and has the V-property, then ltv is a 8-liftfrom SL2(kv) for some IfI v '
(
ii) The global a-correspondence gives rise to a correspondence between cuspidal representations of SL 2 (A k ) and special representations of G(Ak)' More specifically, if It is a 8-lift of T such that It is a cuspidal automorphic representation of G(Ak) , then It is special. Any special automorphic representation is an image of a 8-lifting for some IfI.
If we combine the local 8-correspondence betwe~ G and S L2 with the local 8-or Waldspurger corrrespondence between SL 2 and PGL 2 , we get a characterization of unramified representations having the U-property by their Satake parameters. 
where qv is the order of the residue field of kv . In terms of the local L-functions we have
This discussion yields the following result.
Lemma. Let 7C v be an unramified representation of G v ' The Satake parameter of 7C v has the form (3.1) if and only if 7C t ) is a 9-lift from SL 2 (k v )' and in this case 7C v has the V-property. If 7C v is unitary, infinite dimensional, and has the V-property, then its Sa take parameters must be of the form (3.1).
This characterization of the unramified representations having the U-property combined with the global 9-correspondence has the following important consequence for base change. Proof. Suppose that a weak base change n exists and is cuspidal. Since 7C is special, then 7C p has the U-property for all unramified p. Then the Satake parameter for 7C p must have the form (3.1). Since the base change at the unramified places is defined by composition with the norm map, we see that the Satake parameters of nv must also be of the form (3.1) and, in fact, nv = 6«(JP)K v /Q) ' where «(JP)Kv/Qp denotes the local base change of (Jp for PGL 2 as in [8, 14] . Hence for almost all places, nv has the U-property. If n is cuspidal, then using the approximation theorem as in Section 2 we see that n will be special. This ~plies that n is the 9-lift of a cuspidal automorphic
For our purposes, we will also need the following elementary global result. Proof. The cuspidality of the 8-lifting is implied by the compactness of the subgroup G' oc" which is an anisotropic orthogonal group of dimension 2n -1 . Since T (Xl is a principal series representation and G'oc, is compact, there is no local 8-1ift of <(Xl to G'oc, [11] . Hence there can be no global 8-1ift to G'(A) and so the 8-lift to G(A) must be cuspidal if it is non-zero, by Rallis [17] . 0
The case k = Q suffices for our purposes, even though the result is true in greater generality. It would suffice that the field k have some real archimedean place 00 for which L(Xl is anisotropic and T(Xl is a unitary principle series. 
BASE CHANGE FOR S L2
The construction of a cuspidal representation of G(A) which disappears under an appropriate quadratic base change is based on the similar phenomenon for SL 2 (A) [3] . To explain this, we first need to~ecall some more facts about the parameterization of the representations of SL 2 by those of PGL 2 given by Waldspurger [15, 22, 23] .
Fix a local field kv of characteristic O. As we noted above, the genuine irreducible admissible representations of Sl2(kv) can be parameterized by representations of PGL 2 (k v )' If we fix a local non-trivial additive character 'IIv' then we have a parameterization given by Waldspurger which associates to each admissible irreducible representation a v of PGL 2 (k v ) a packet Wd(a v ' 'IIv) containing one or two genuine irreducible admissible representations of S L2 (kv) [15, 23] . (Waldspurger's stated results do not quite cover all admissible representations, but they are easily extended to the other cases, as in [3] .) The packets corresponding to inequivalent representations of PGL 2 (k v ) are disjoint, and all irreducible admissible genuine representations of Sl2(kv) occur. The parameterization or partition of the admissible representations of S L2 (kv) obtained in this way is compatible with the theory of L-functions for SL 2 in the sense that two representations lie in the same Waldspurger packet if and only if they are L-equivalent [3, 6, 7] . Now let k be a number field and let 'II be a non-trivial character of k\Ak . [8, 14] , and this parameterization is consistent with the theory of L-functions [3, 6, 7] , the natural definition for base change for SL 2 is the following [3] .
is the base change of u as defined in [8, 14] .
One of the main results of [3] is the following.
Theorem. This fact is responsible for several interesting phenomena [3, 4] . One immediate ~nsequence is that there can exist cuspidal automorphic representations l' of SL 2 (A k ) and quadratic extensions Kjk such that [T]K/k = (2), i.e., such that l' disappears under the quadratic base change from k to K. We will give a more precise characterization of these r in Section 7.
Another consequence will be Theorems 1 and 2 of this paper. They will follow from the following result. In Section 7 we will give an explicit construction of a number of such representations and extensions. In the next section we will show that the representation 1t = e(T, "') of G(A) has no automorphic base change from Q to K, thereby proving Theorem 1.
PROOF OF THEOREM 1
Let "', K, u, and l' be as in Theorem 3 and let 1t = e(T, ",). Since U oo is a unitary principle series, so is Too [22] . Then 1t is cuspidal by Proposition 2 of Section 3. The following two propositions show that 1C has no automorphic base change to G(AK) , and hence we obtain Theorem 1.
Proposition 1. There is no weak base change lift of 1C which occurs in the space of cusp forms on G(AK).
Proof. Suppose that a weak base change n exists and is cuspidal. Then Proposition 1 of Section 3 implies that n is the a-lift of a cuspidal automorphic representation l' of SL 2 • Write l' = Wd (1:, 1fI) . Let S be a sufficiently_large finite set of places outside of which everything is unramified. Then nv = 6 (1: v ) for v ¢ S, and hence its Satake parameters are given by (3.1) with that is, they must be of the form (3.1) with
By the strong multiplicity one theorem for PGL 2 this implies that 1: = (JK/Q is the global base change of (J as in [8, 14] , and l' would then have to be the base change lift of T [3] . But this contradicts the fact that .c, = sgn·x oo depending on whether 2""n-l -; I (mod 4) or not [18] . Comparing infinitesimal characters, we find that Poo and I G , agree after restriction to the connected component of G:.c, and that x:.c, = ;00 I I!· This implies that So is imaginary.
Consider now a finite place where nv is spherical. Then we know the Satake ~arameter ~f nv has the form (3.1). Since 1C was the a-lift of a cuspidal T, then 1C p = 6«(Jp) and that part of the Satake parameter for 1C p coming from (Jp License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use satisfies lapl± < pl/2 since a was cuspidal [9, 10] . Then since the base change at the unramified places is given by composition with the norm map, we see that 
tr.. = '(av a v -1 ) = (.uv(tvv)q!O ) .u;;1 (wv)q;;SO .
From the strong multiplicity one theorem for PGL 2 , we conclude that the base change lift a K / k of a is a subquotient of the space of Eisenstein series associated to Ind~~~(A)(.ullso ® .u-1 1 I-sO). This contradicts our assumption, since by construction a remains cuspidal after base change. 0
PROOF OF THEOREM 2
In this section let 2n + 1 = 5. Let VI, K, a, and 't' be as in Theorem 3 and let 1C = ect', VI). Since a 00 is a unitary principle series, 't' 00 will also be [22] . Then 1C is cuspidal by Proposition 2 of Section 3. By Proposition 1 of Section 5 we know that 1C can have no weak base change toG(A K ) which is cuspidal and automorphic. Hence, to prove Theorem 2, it suffices to prove th.e following strengthening of Proposition 2 of Section 5.
Proposition. There is no weak base change lift of 1C occurring as a subquotient of the space of automorphic forms on G( A K) . Proof, Assume that there exists an automorphic weak base change lift II of 1C •
Since it cannot be a cuspidal representation, then by the theorem of Langlands [13] , it must be a subquotient of some space of Eisenstein series associated to an induced representation of the form Ind~~!~(p®.uIISO), where p is a cuspidal representation of G' (A), .u is a unitary character of AX , and So E C .
Sjnce 2n + 1 = 5, G' is now a special orthogonal group in three variables over K. Since K is a real quadratic field, the group will have signature (3, 0) at the archimedean places; hence G' is anisotropic over K. Therefore there is a division quaternion algebra Dover K such that G' (K) is isomorphic to P D X (K) [5] [15, 23] . This is the arithmetic characterization of those representations occurring in the Waldspurger correspondence that we mentioned in Section 4.
For our purposes, it is more convenient to use a more structural characterization of Stfoo(PGL 2 /Q) which is also due to Waldspurger. Given 0' E ,W'(PGL 2 /Q), let reO') = {p : O'p is not a principal series representation} and let € (u) = € (u, !), where € (u , s) is the € -factor of Jacquet and Langlands [9] . Note that for our purposes we include the one dimensional representations in the principal series representations as in [23] . Then we also have [23] .w OO 
is thus again in the image of the Waldspurger correspondence. These can be found in [3] .
To prove Theorem 3, we must construct a real quadratic extension K of Q and a representation U E B(K/Q) which satisfies all the extra conditions listed in the statement of Theorem 3. Our representation will be supercuspidal at one finite place and unramified at all others. We begin with the construction of the appropriate supercuspidal representation. Then from [19] we know that for a,
On the other hand, the Hilbert
symbol can be computed in terms of the Legendre symbol as in [19] . For p an odd prime, we find sentation can be explicitly constructed using the Wei! representation as in [9] . Since .u v does not factor through the norm map, upC.u v ) will be irreducible and supercuspidal. On the other hand, from either [8] or [14] we know that where 1C v (.u v ' .u:) is the principal series representation induced off the Borel as in [9] . Therefore this representation fulfills criterion (2) .
There is an alternate construction of up(.u v ) as a constituent of arepresentation induced from PGL 2 CZ p ) ' To construct a global automorphic representation having up(J.l v ) as its local component at p, we will need this alternate construction. This construction can be found in Silberger [20] for example.
Let Zp and (P) denote the ring of integers and maximal ideal of Qp' and 0v and (w v ) the ring of integers and maximal ideal of Xv' To .u v as above, Silberger associates an irreducible unitary representation of for y E r and x EX. Since r 1 is normal in r, this action preserves L2(r1 \X, ~) and factors to an action of r/r l ~ PGL 2 (Z/p';Z). Let PIC denote the projection to the K-isotypic component
YEr/r. 
Proof. Let K f = ITPGL 2 (Zp) be the product of the maximal compact subgroups at all finite places. By strong approximation for S L2 and the fact the field Q has class number one, we know that Therefore we can find a non-zero 'P j occurring in the spectral expansion of some 'P E AO(IC) such that (i) the eigenvalue of the Laplacian for 'P j corresponds to a unitary principal series representation, (ii) 'P j is an eigenvector for the Hecke operators Tp for P :f. PO In the case 2n + 1 = 5 there is an extra complication. There is now an additional condition for 1C = a(r, "') not to vanish. We need that some automorphic form 'P E r has a non-vanishing "'a-Fourier coefficient for some a E q(L) [16] , where "'a is the additive character given by "'a(x) = ",(ax).
Choose some a E QX such that 'P has a non-vanishing "'a-Fourier coefficient.
Write a = a l • a 2 with a 2 E q(L). Then "'a = ("'a)a and so a(r, "'a ) i-O. 
I I
Now, analyzing the variation of the lifts under a change in additive character as in [23] and [4] , we have 
